ON QUANTUM ANALOGUE OF THE CALDERO-CHAPOTON 

FORMULA 



DYLAN RUPEL 



1. Introduction and Main Results 

Quantum cluster algebras were introduced by Berenstein and Zelevinsky in pQ 
as a noncommutative analogue of cluster algebras (see [9]) to lay the groundwork 
for a study of the canonical basis. A quantum cluster algebra A q (Q) of rank n is 
generated by a (possibly infinite) set of generators called the cluster variables inside 
an ambient skew-field J- q . The goal of this paper is to explicitly compute all cluster 
variables for a large class of quantum cluster algebras. 

We start with rank 2 quantum cluster algebras. Let q be a formal variable. Let T q 
be the 2-dimensional quantum torus, i.e., T q = Z[g ±1//2 ](X{ tl , Xf l : X\X 2 = qX 2 X\) 
and let T q be the skew field of fractions of T q . For b, c G Z >0 define the quantum 
cluster algebra A q (b, c) to be the Z[g ±1//2 ]-subalgebra of T q generated by the cluster 
variables X^, fceZ, defined recursively by 



1-1) X m ^\X, 



m+l 



{q h l 2 X h m + \ if mis odd 
| q c l 2 X'j n + 1 if m is even. 



In what follows we will routinely specialize q to a positive real number, usually the 
size of a finite field. The quantum Laurent phenomenon ([TJ Corollary 5.2]) implies 
that each Xk, in fact, belongs to the subring T q of T q and thus A q (b, c) is contained 
in Tq. However, the explicit computation of each Xk as a Laurent polynomial in X\ 
and X 2 is a non-trivial task. 

We will use the following notation throughout the paper. Define X^ ai ^ e T q 
by the formula X^ 1 ' 0,2 ^ := q^^^X^X^ 2 ■ Also define the symmetrized quantum 
binomial coefficient 



;i.2) 



(q r - q~ r ) ■■■(q- q~ l ) 



The following result shows that all cluster variables for b = c = 2 are computable 
combinatorially. 
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Proposition 1.1. For every n > 0, we have in A q (2,2): 

(1.3) X. n = X^'- n ^ + J2 p+r <n MJ^I > 2p - n - l) \ 

(1-4) X n+3 = X(—^) + Y. p+r <n [Y] q [ n+1 r -%X^-^--). 

This result was proved independently in a recent preprint [15] , we present our proof 
for the convenience of the reader. Setting q = 1 we recover the Caldero-Chapoton- 
Zelevinsky formulas for Xk from [6]. This suggests that Proposition [TTT] should have 
a categorical and quiver-theoretic interpretation in the form of a deformation of the 
Caldero-Chapoton formula [3], Eq. 14]. 

In order to state our generalization of Proposition 11.11 to any algebra A q (b, c), we 
need some quiver-theoretic notation. Let d = gcd(6, c) and let Qb, c be the quiver 

o 1 d > o 2 with d arrows. Let F be a finite field and F an algebraic closure of F. 
For any integer n > we will denote by F n the degree n field extension of F inside 
F. We define a valued representation V of Qb, c by assigning an F c -vector space V\ 
to the first vertex, an F&-vector space Vi to the second vertex, and an F^-linear map 
ifi : V\ — > V2, i = 1, 2, . . . , d, to each arrow. 

Let V be a valued representation of Qb, c with dimension vector [V] = (t>i,t>2)- For 
e = (ei,e 2 ) G Z> , denote by Gr e (V) the set of all subrepresentations M of V (i.e., 
M = (Mi, M 2 ), 'where M 5 is a subspace of V 5 , 5 = 1,2 such that <^(Mi) C M 2 for 
z = 1, 2, . . . , d) with [M] = e. This is a finite set since V is finite. For each valued 
representation V of Qb, c we define the element Xy of the quantum torus T\w\ by 

(1.5) X v = \¥\-^\Gr e (V)\X { - Vl+bV2 - be2 ' ce '- V2) 

e 

where = ce\{v 1 — ei) — b{ct\ — e-i){vi — e<i). When b = c, the valued representations 
of Qbfi are just the ordinary F^-representations of Qb,b and, as we will demonstrate 
below, this formula gives a deformation of the Caldero-Chapoton formula. 

Let C = ( ^ ^ ) be a Cartan matrix and let $ be the associated root system 



-c 2 

with simple roots {0:1,0:2}. We will label all negative real roots of $ by Z \ {1,2} 
recursively as follows: 



Q? m _l -|- O m _|_i 




if m is odd 
if m is even 



for m G Z \ {1, 2} with the convention o = — ci2, «3 = —ol\- 

Then denote by V( m ) the unique indecomposable valued representation of Qb, c with 
dimension vector — a m (see e.g., [131 Theorem 16]). 

Theorem 1.2. For any b, c G Z?, and each m G Z \ {1, 2}, the m-th cluster variable 
X m of A\w\ (6, c) eguafe Xy {m) . 

We will prove Theorem 11.21 in Section [2J In section 13.11 we will illustrate Theorem 
1.2 by computing all X^ of finite types, i.e., when be < 3. 
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Now we consider a general class of rank n > 2 quantum cluster algebras attached 
to valued quivers on n vertices. 

Let Q be a quiver without vertex loops or 2-cycles. Suppose Q has vertices [l,n] 
and dij edges from i to j, and let di, i — 1, . . . , n be valuations on the vertices. We 
will call such a quiver a valued quiver. Define the matrix B = Bq = (b^) by 

dijdj/ gcd(di 1 dj) if i — >■ j in Q 
bij = ^ —dijdj/gcd(di, dj) if j — >• i in Q 
otherwise. 

For .D = diag(dx, . . . , <i n ) we have DB is skew-symmetric, i.e. d^bij = —djbji for all 
i and j. From the pair (B, D) we can construct a valued quiver Q_b having vertices 
[l,n] with valuations di and, when fry > 0, Qb has g f crf(|6„|, edges from vertex 
i to vertex j. This gives a one-to-one correspondence between valued quivers and 
skew-symmetrizable matrices with symmetrization data. Thus we will freely identify 
the valued quiver Q with the pair (B, D) and call the pair (B, D) a valued quiver. 
We will call the valued quiver Q invertible if B is invertible. If B is not invertible, 
we replace the valued quiver (£>, D) by the invertible valued quiver Q = (B, D © D) 
with 2n vertices as in section [2J we will call Q the principal subquiver of Q. Thus 
we will assume that n is even and valued quiver will always mean invertible valued 
quiver. 

We define valued representations of Q by assigning an F rf .-vector space to each 
vertex i and an F 9cd ( rf - d .)-linear map to each edge i — > j. Denote the category of 
all finite-dimensional valued representations of Q by rep Q. It is well-known (see 
e.g., [E]) that rep Q is a length category, i.e. the Grothendieck group Q of rep Q 
is a free abelian group generated by the classes «j = [Si], i = 1, ... ,n of simple 
representations associated to the vertices. In particular, the class [V] G Q of an 
object V is naturally identified with the dimension vector of V. The Euler form on 
Q is given by bilinearly extending the following formula 



(ad, ctj) 



di if i = j 

■ max(0, dibij) if i ^ j. 



Furthermore, abbreviate ct( := j-cti and note that (a 4 v , e) and (e, a() are integers 
for all e G Q. Then for e G Q define vectors *e, e* G Z n by 

*e = (K, e), . . . , «, e», e* = «e, <), . . . , (e, <)). 

Denote A = Aq := —DB^ 1 . By definition A is skew-symmetric and satisfies 
AB = —B T A = —D. Write A = (A^) and let d be the least common multiple of all 
the denominators of the A^'s. Let Ta q ^ denote the n-dimensional quantum torus, 
i.e. 

T AQ , g = Z[g ± ^](X 1 ±1 , . . ^XflXiXj = q^XjXi). 
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For each a — ( CL\ , . . . , CL n ) G Z n we define a monomial X^ a ^ G T\ Q ,q by: 



= g 




xr • • • x: 



-an 
n 



For V G rep Q and e G Q define GV e (V) to be the set of all subobjects W of 

V such that [W] = e. Sometimes we will think of this as the set of all short exact 
sequences {0 -)■ W C V -> V/W -)■ : [W] = e}. Note that Gr e (V) is finite since 

V is a finite set. Define the element Xy G 7a Q) |F| by the formula: 



Note that Be = *e — e*. This is equivalent to the following formula for Xy which 
the reader may find useful: 



It is easy to see that when n = 2 equation fll.6jl specializes to equation (11. 5p . When 
d\ = ■ ■ • — d n — 8, i.e. the quiver is equally valued it is known (see [5j Corollary 4], 
footnote 5 on page 6 of [17] . and the corrected proof in [11]) that for V exceptional and 
indecomposable Gr e (V) is the set of ¥$ points of an algebraic variety of dimension 
(e, [V] — e)/S and |Crr e (V)| is given by a positive polynomial in \¥\ s . 

For a sink or source % of Q denote by \iiQ the valued quiver (faB, D) where we 
change the sign of each entry of B in row i or column i. This is equivalent to reversing 
all arrows with vertex % as source or target. We will call a sequence of vertices k\, 
&2, • • • , k r+ i in Q admissible if the following hold: 

• hi ^ fcj+i for each i; 

• k\ is a sink or source in Q; 

• for each 1 < i < r — 1, vertex is a sink or source in the quiver 

Vki^ki-i ■ ■ ■ HkiQ- 

Note that k r+ i does not have to be a sink or a source. 

Let C denote the n x n Cartan counterpart to B, i.e. define 



Let $ denote the root system associated to C, see [14|. We will identify Q with 
the root lattice of $ by taking II = {ai, . . . , a n } to be the set of simple roots in <3>. 
Define simple reflections Oi in the Weyl group of $ by setting cr^ct,) and 
extending linearly (this is the correspondence we will use between the root system 
$ and C). 

Denote by A q (Q) C Tk qa the quantum cluster algebra corresponding to the in- 
vertible valued quiver Q (see Section [2] for details). 



(1.6) 





MCV 
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Remark 1.3. We restrict our attention to invertible valued quivers for simplicity. 
However the results below hold for any compatible pair (A, B) where Q is the valued 
quiver associated to the principal part of B. 

Our main result is the following 

Theorem 1.4. Let V a be the unique indecomposable object of rep Q with dimension 
vector a given by a = cr^cr^- • • ak r ( a k r+ i) where hi, k 2 , . . . , k r+ i is an admissible 
sequence in Q. Then Xy a is a cluster variable of A\m(Q). Conversely if the quiver 
Q is acyclic, each cluster variable of A\w\(Q) belonging to any acyclic cluster is of 
the form X Va for some a as above. 

We will prove Theorem 11.41 in Section [2j 

Theorem 1.5. If the valued quiver Q is a Dynkin diagram, then each cluster variable 
of A\v\(Q) is of the form Xn for some indecomposable N E rep Q. 

We will prove Theorem 11.51 in Section [2J For any invertible valued quiver Q let 
ToB,q = ^[<? ±5 ](-Zr\ • • • j Z^ l \ZiZj = q dzb ^ZjZi) be the quantum torus associated to 
the skew-symmetric matrix DB. It is easy to see that the assignment Zi i— > X^' 
defines an embedding of quantum tori which extends to an embedding of skew-fields 
j : J-DB, q Fk Q ,q- We say that an element X e J~A Q ,q is B-compatible if X can be 
written as j(Fx)X^ Sx > for some F x E Tr>B,q an d gx E Z n . We refer to F x as an 
F-factor for X thus generalizing the definition of F-polynomial from [22j Theorem 
5.3]. It follows from [22j Theorem 5.3] that each cluster monomial X is Incompatible 
and (under appropriate choice of gx) the F-factor Fx is actually a polynomial. The 
following result justifies these definitions. 

Proposition 1.6. 

(1) The mutation of B-compatible elements in direction k gives HkB -compatible 
elements. 

(2) For V E rep Q, Xy is B-compatible and we have 

F Xv = l+ Yl q^ {e ' e} \Gr e (V)\Z^. 
ee<2\{0} 

Remark 1.7. Following up on Remark II .3[ since all our results hold for principal 
coefficients, Proposition 1 1 . 6lf|2T) together with [221 Theorem 5.3(2)] directly let one 
work with any coefficients. 

Corollary 1.8. Let Q be of finite type. Then for any indecomposable V E rep Q we 
have 

F Xv El+ <M<F^ (e) . 
eeZ5 \{o} 

Remark 1.9. For simply laced types the positivity of coefficients of Fx v follows 
from the positivity of grassmannians from [11] . See Section 13.1.31 for positivity in 
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type G2. Positivity for selected clusters in types B n and C n follow from [23j Theorem 
6.1]. 

Based on the above results, we now conjecture a general deformation of the 
Caldero-Chapoton formula for any quantum cluster algebra with acyclic seed. 

Conjecture 1.10. Let Q be an acyclic valued quiver. Suppose V G rep Q is an 
indecomposable exceptional valued representation. Then Xy is a cluster variable in 
A m {Q). 

In Corollary 12.61 we show that all cluster variables in almost acyclic clusters (clus- 
ters which are one mutation away from an acyclic cluster) are of the form Xy for 
some V G rep Q. We present further evidence for this conjecture in section 13.21 

When all valuations of the quiver Q are equal it is known, see [5], that for an in- 
decomposable exceptional representation M we have |Gr e (M)|| F |_ i . 1 = Xc(Gr e (M)). 
Thus we see that, when Q is an equally valued quiver, setting |F| — > 1 in Conjec- 
ture [TT0] gives the Caldero-Chapoton formula proved in [I]. 

While completing the final draft of this manuscript we learned from Bernhard 
Keller that Fan Qin [TT] proved Conjecture [TJTU] for acyclic equally valued quivers. 

Acknowledgments 

The author would like to thank his advisor Arkady Berenstein for his infinite 
patience and support. Great thanks is also due to Bernhard Keller for pointing out 
the results of Fan Qin and correcting a reference in the proof of Corollary 12.61 

2. Definitions and Notation 

We begin this section with a recollection of some of the terminology related to 
quantum cluster algebras. Let L be a lattice of rank m and A : L x L — > Q a skew- 
symmetric bilinear form and let d be the least common multiple of all denominators 
appearing in the image of A. Let q be a formal variable and consider the ring of 
integer Laurent polynomials Z^as]. Define the based quantum torus associated 
to the pair (L, A) to be the Zfg 1 * 1 23] -algebra 7a,? with distinguished Z[g ± 2d]-basis 
{X e : e G L} with multiplication given by 

X e X f = g A( e ,/)/2 xe+ /_ 

An easy computation shows that T\, q is associative and the basis elements satisfy 
the following relations: 

X e X f = q A{eJ) X f X e , X° = 1, (XT 1 = X~ e . 

As the based quantum torus is an Ore domain, it is contained in its skew-field of 
fractions J-'a^- 

A toric frame in J~\ q is a map M : Z m — > T\ tq \ {0} of the form 

M(c) = ^(X" (c) ) 
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where (p is an automorphism of J^A,q and rj : Z m — > L is a lattice isomorphism. The 
M(c) form a Z^zsj-basis of the based quantum torus 7a M)9 := (f(TA,q) which is an 
isomorphic copy of T\, q in J^a^- The following equations hold in T\ M , q '- 

M (c)M(d) = g Aw(c ' d)/2 M(c + d), M(c)M(d) = g AM(c ' d) M(d)M(c), 

M(0) = 1, M(c)" 1 = M(-c), 

where is the skew-symmetric bilinear form on Z m obtained from the lattice 
isomorphism 77. Let Am also denote the skew-symmetric m x m matrix defined by 
Ay = A M (ai,aj) where a>i, . . . ,a m are the standard basis vectors in Z m . Given a 
toric frame M, let Xi = M(a.j). Then we have 

T AM , q = Z[q^]{Xt\ . . . ,X* : X t X, = q^XjX,). 

Using the relations above we get for c e Z m 

M(c) = q^i^w^X^X? ■■■X c ™ =: X (c) . 

Let A be an m x m skew-symmetric matrix and let B be any mxn matrix, n < m. 
We call the pair (A, B) compatible if B T A = (D\0) is an n x m matrix with D a 
diagonal integer matrix with positive entries on the diagonal. Throughout this paper 
we will assume n = m with m even and B is invertible. Otherwise, one may replace 

B by the invertible 2n x 2n matrix ^ ^ R^j 1 where B is the principal part 
of B and I n is the n x n identity matrix, such that B T A = ( ^ ) =: D (B D, 



D / 

adjusting the coefficients and A if necessary to ensure that R is an integer matrix. By 
restricting ourselves to mutations in directions 1, . . . ,n we will recover our original 
cluster algebra with principal coefficients. 

The pair (M, B) is called a quantum seed if the pair (Am, B) is compatible. We 
now define the mutation of the quantum seed (M,B) in direction k for k G [l,n]. 
Define the m x m matrix E = (e^) by 

{5ij if j ^ k; 

-1 ifi=j = k; 

[-b ik ] + if i ^ j = k 

where [b] + = max(0,b). Let c = (ci,...,c m ) G Z m . Define a map M' : Z m — )■ 
•^A,g \ {0} as follows: 

Cfc 



(2.1) M'(c) = ^ 



P 



M(Ec + pb fc ), 

d fc /2 



p>0 

where the vector b fc G Z m is the fcth column of B and [ Cfe ] d /2 is given by equation 
Lemma 2.1. M' is a well-defined toric frame. 
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Proof. The case Ck > was shown in [TJ Section 4]. For Ck < 0, this follows from an 
obvious extension of the argument in [U Section 4] using the identity n™=o 1+^7 = 
q^- 1 ^ [~ r n ] 1/2 t r and the fact that M'(-c)- 1 is bar-invariant. □ 

r>0 r 9 

Equation (12.1 ft defines a birational isomorphism of based quantum tori fik '■ 7~\ M ,,q — > 
TA M , q given by 



Xi if i ^ k; 

/ m \ / m \ 



=1 



This map takes cluster variables in T\ M ,,q to cluster variables in T\ M)q and hence 
^k-Aq(fikQ) = A g (Q). So applying the isomorphism /i^ is the same as mutating the 
initial cluster of the cluster algebra in direction k. 
Let B' = [i k B = (&k) where 



-bij if i = k or j = k 

bij + S5frz(^ fc )[6ifc6fcj]+ otherwise 



where [b] + = max(0, b). Then the quantum seed (M', B') is defined to be the muta- 
tion of (M,B) in direction k, written fik(M,B). Since B was invertible, [i^B is also 
invertible. Suppose A M B = —D. Then A M ifi k B = —D and so A M / can be recovered 
from the valued quiver (/j, k B,D). Thus we will abuse notation further and call the 
invertible valued quiver Q = (B,D) a seed. We will also denote \i\~Q = (fikB,D). 

A quantum seed (M', B') is mutation equivalent to the seed (M, B) if there is a 
sequence of mutations taking one to the other, in this case write (M f , B') ~ (M, B). 
Let X = {M'(ai) : (M',B') ~ (M,B) } i e [l,m]}. The elements of # are called 
cluster variables. The quantum Laurent phenomenon (p., Corollary 5.2]) states that 
A? is actually contained in T~x M) q- Since B is invertible, the data of the compatible pair 
(A M ,B) is equivalent to the data of the invertible valued quiver Q = (B, —A M B). 
Thus we will let A q (Q) denote the Z[g ± 2d]-subalgebra of T\ Q ,q '■= T\ M ,i generated 
by X, called the quantum cluster algebra. 

Let Q be the valued quiver (B, D), where D = diag(di, . . . , d m ). Let F be a finite 
field. We will define an F-species Aq and show that modules over Aq are the same 
as representations of Q. Let 5^ = gcd(di,dj) and = lcm(di,dj). Let F be an 
algebraic closure of F and define Ki = ¥ di , the degree di extension of F in F. Also 
denote K tJ = ¥ di n ¥ d . = ¥ s .. and K ij = ¥ s a . 

Define A = Y\T=i K i and A x = 6 >0 Aj where A^ := F^.. We define a 

Ki — i^-bimodule structure on A tj by setting A {j = F r,; J <g> F K lj = 0^ K lj , where 

r «i = ^W 1 = fi'c^d^ijl) l^'il)- The following easy lemma shows that this gives such a 
structure. 
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Lemma 2.2. Ki^x^Kj is a field isomorphic to K l K In particular, is a Ki — Kj- 
bimodule. 

Now define Aq = T(A , Ai) the tensor algebra of Ai over A . A module X 
over Aq is given by a fQ-vector space Xi for each vertex % and a ifj-linear map 
9ij : Xi ®Ki Aij Xj whenever bij > 0, see [13]. A morphism of AQ-modules 
/ : X — > Y is a collection {fi}ie[i m ] with f; L : X; L — > Y; L a i^-linear map, such that 

0}j(f, 5 id) f,o*. 

Consider the following natural isomorphisms: 

Hom Kj (Xi ® Ki A^, Xj) = ¥ r ^ ® F Hom K] (Xi ® Ki K ij , Xj), 

Xi ® Kt K l i = X % ® Ki {Ki ® K .. Kj) = Xi ® K .. Kj, 
Hom^iX, ® Ki . Kj,Xj) = HorriK^X^Xj). 
Combining these we obtain a natural isomorphism 

(2.2) 

Hom Kj (Xi ® K . A,^, Xj) = ¥ r ^ ® ¥ Hom K .(Xi ® K .. Kj, Xj) ^ Hom Kij (Xi, X,). 

t=\ 

These natural isomorphisms define inverse equivalences of categories 

F : mod Aq -h- rep Q : F . 

Indeed one can easily check that the commuting squares defining morphisms of mod- 
ules and representations are compatible under the natural isomorphism 12.21 Thus the 
categories mod Aq and rep Q are equivalent and we can apply all results concerning 
F-species to valued representations. 

Let Q denote the Grothendieck group of rep Q. For a valued representation V 
denote by [V] G Q the isomorphism class of V. Clearly, [V] = ^ ig g(dimx i ^)aj 
where ai = [Si]. For objects V, W G rep Q define the Euler form 

(V, W) = dim F Hom(V, W) - dimpExt^V, W), 

where Horn and Ext are computed in rep Q. It is known, see (19] for example, that 
(V, W) only depends on the classes of V and W in Q. 

Let V G rep Q and define Gr e (V) to be the set of subrepresentations W of V 
with [W] = e. For e G Q define vectors *e, e* G Z n as in the introduction. Define 
X v G 7aq,|f| by 

(2.3) X v = W\-^ [v] - e) \Gr e (V)\X^ Be -*^\ 

e 

Let rep Q{i) denote the full subcategory of rep Q of all representations of Q which 
do not contain Si as a direct summand. In [7] it is shown that the reflection functors 

§^ : rep Q -H- rep fiiQ : 
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restrict to inverse equivalences of categories 

S," : rep Q(i) <H- rep HiQ(i) : S+. 

Since it will be clear from context which to use we will drop the ± and simply denote 
both functors by §j. See [7J for precise definitions of these functors. We will use the 
following result proved in [TJ. 

Lemma 2.3. [7J Proposition 2.1] For X G rep Q(i) we have [SjX] = <7i([X]) and 
§?X = X. 

Our main tool will be the following powerful result proved in section [5j 

Theorem 2.4. For any N G rep Q{i), f^iX^ = X^n. In particular, if Xn is a 
cluster variable in A q (Q) then X^n is a cluster variable in A q {^iQ). 

In order to state our main theorem we introduce some new notation for describing a 
cluster variable. Define X9, := X^ aa ^ in A g (Q), so the ordered tuple (X[q, . . . , X[ n ]) 
forms the initial cluster of A q (Q). Now recursively define 

[ao;ai,a,2,...,a r ] [oo;Oi,02,...,ar-l] 

where X^^ a2 ^ , is in A q (fi ar Q) and the birational isomorphism /i ar pulls it 
back to A q (Q). Alternatively one could start with the initial ordered seed (X, Q) 
and mutate in direction ai, then a 2 , etc. to obtain the ordered seed \i ar ■ ■ ■ /i ai (X, Q) 
then X, , is the an th cluster variable in this seed. When it is clear from 

[ao;ai,a2,...,a r \ u 

context we will drop the Q from the notation. 

Here are some simple observations that follow from this notation: 

(1) If ai = (Zj+i for some i > 0, then X? „ „ „ , = X? „ „ „ „ 

v ) 1 ^ ' [oo;ai,02,...,a r J [ao;ai,...,ai_i,a i+ 2,...,fl r | 

(2) If a ^ Or, then X Q , = X Q 

v / u ' ~> [ao;ai,02,...,a r J [ao;ai,a2,...,a r _iJ 

(3) If we mutate the seed (X9 ai X9. ai a i, Q') in direction i we get the 
new seed (X9 . . . , X r ^ .,, u, t Q'). 

v [l;ai,...,a r ,t] ' ' [n;oi,...,a r ,tJ ' r"i^5 / 

(4) If we start with X, i and mutate the initial seed in direction £ then 
we get X» tQ , v 

The content of Theorem 11.41 is contained in the following Theorem and Corollary. 

Theorem 2.5. Suppose k\, k 2 , k r+ i is an admissible sequence of vertices in 
Q. Let M G rep Q be the unique indecomposable representation of Q with [M] = 
Ok^k2 ■ ■ ■ o"fc,.( a fc r+ i)- Then m the cluster algebra A\w\(Q) we have X^ kr+rMM ^ ^ +i] = 
Xm- 

We prove this in section EJ We will call a quiver Q almost acyclic if there exists i 
so that the valued quiver is acyclic. 

Corollary 2.6. Suppose the valued quiver Q is acyclic. Then each cluster variable 
of A\m(Q) in an almost acyclic cluster is of the form X^ for some indecomposable 
N G rep Q. 
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Proof. In jH Corollary 4], the authors show that all acyclic clusters are connected 
by sink and source mutations. The result follows from Theorem 12 .51 □ 

Theorem 11.21 immediately follows. 

Proof of Theorem M.^A For rank 2 cluster algebras, the valued quiver associated to 
any cluster is acyclic. So the result follows from Corollary 12. 61 □ 

We also get Theorem 11.51 

Proof of Theorem \1.5[ We will use the concepts from [TJ. Let ki, &2, ■ ■ ■ , k n be an 
admissible ordering of Q and C = S kl S k2 • ■ ■ S kn be the corresponding Coxeter func- 
tor. Let P kt = B> kl S k2 ■ ■ - Skt-iSkt where S kt E rep fi kt fi kt+1 ■ ■ ■ fi ktn Q is the simple 
representation associated to vertex k t . By [TJ Propositions 1.9 and 2.6], every inde- 
composable representation of Q is of the form C r P kt for some t and 1 < r < a t where 
at is the largest integer for which all such C r P kt are nonzero. 

There is a one-to-one correspondence between cluster variables of A\w\{Q) and 
positive roots in the root system <3>q and thus a one-to-one correspondence between 
cluster variables and indecomposable representations of Q. From Theorem 12.51 and 
the definition of P kt we see that Xp kt is a cluster variable in A\$\(Q). 

The result follows from the proof of Theorem 12.51 if Xp k . □ 

Proof of Proposition \l.b\ Write fi k : Tjj^, — » Tp>B,q for the mutation in direction 
k from [12j Section 3.3] and f : J-'d^b^ — > Fa m Q , q - The following Lemma follows 
from the definitions. 

Lemma 2.7. /J, k j'(F') = j^F') for any F' e T Dls , h B, q - 

This says that the mutation of the /Zfc-B-compatible element j'(F') is Incompatible. 
Now equation (12. ip says that the mutation of any monomial in .Fa Q , g is -B-compatible. 
Combining the last two statements completes the proof of Proposition II . 6fl T|) . Propo- 
sition [L6]j2]) follows from an easy computation using the fact that (oti, af) = A(b*, *aij). 

□ 

Proof of Corollary \1.8[ Note that for finite types the Cartan counterpart of B is 
always positive definite and so for any e e Q \ we have (e, e) > 0. So this follows 
from Proposition II .6ll 2"j). Theorem 6.1], [UJ, and Section 13.1.31 □ 

3. Examples 

Throughout this section we will let F be the finite field with q elements. In what 
follows each cluster variable X[ ao . ai)a2] ^ >ar ] will have ao = a r so we will drop a from 
the notation. 

3.1. Finite Type Rank 2 Quantum Cluster Algebras. In what follows, we 
abbreviate X^ ai ' a2 ^ := g _ 2 aia2Al2 X" 1 X 2 12 , without loss of generality we may assume 
A12 = 1. Also note that there is no significance to the numbering of the indecompos- 
able representations. 
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3.1.1. Type A 2 . We begin with the valued quiver Q = (B, D) where B = 
and D = diag(l, 1). The Cartan counterpart of B is 

Lemma 3.1 ([I]). The quantum cluster algebra A q (Q) is of finite type and we have 
the following formulas for the cluster variables in terms of the initial cluster (Xi, X 2 ) : 

X 3 :=X m =X^+X^ 

X 4 := X M = + XQ>-» + X^- 1 '" 1 ) 

X 5 := X [1>2>1] = XV'-V + 

Xq := X[i !2) i !2 ] = X*- 1 ' ) = Xi 

X-j := X[ li2) i !2) i] = X'- ' 1 -' = X 2 . 

The indecomposable valued representations of Q are Si = F — > (dimension vector 

a i)i S 2 = — > F (dimension vector a 2 = sis 2 (ai)), and /1 = F 4 F (dimension 
vector «i + a 2 = Si(a 2 )). 

The representation Si has unique subrepresentations with dimension vectors ai 
and 0. So we get: 

X Sl = X { ~ ai+a2) + X ( ~ ai) = X 3 . 

The representation Ii has unique subrepresentations with dimension vectors ai + a 2 , 
and a 2 . So we get: 

X h = X ( ~ Ql) + x { - a2) + x ( ~ ai - Q2) = X 4 . 

The representation S 2 has unique subrepresentations with dimension vectors and 
a 2 . So we get: 

x S2 = X {ai ~ a2) + X ( ~ Q2) = x 5 . 




3.1.2. Type C 2 . (We get type _B 2 by dualizing all representations.) We begin with 
the valued quiver Q = (B, D) where B = ^ _° x ^ j and D = dia#(l,2). Define 

i^i = F =: k and if 2 = F 2 =: K. The Cartan counterpart of B is 
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Lemma 3.2 (PQ). The quantum cluster algebra A q (Q) is of finite type and we have 
the following formulas for the cluster variables in terms of the initial cluster (X 1; X 2 ) : 

X 3 :=X {1] = X^+X^ 

X 4 := X [1)2] = X^ + (q 1 / 2 + q-^X^ + X^ + X^ 2 '" 1 ) 
X 5 := X [1>2jl] = X^ + X^'-V + A:*" 1 '" 1 ) 
X 6 := X [1>2X2] = X^ + X^ 
-X 7 := X[i )2) i,2,i] = X*- 1,0 ) = X\ 
X% := X[i t2j x j2) i i2 ] = X^ ' 1 ^ = X 2 . 

The indecomposable valued representations of Q are Si = k — > (dimension vector 
cki), = —j- X (dimension vector a 2 = s 1 s 2 Si(a 2 )), I\ = k A- K (dimension vector 
ai + a 2 = Sis 2 (ai)) where 1 is the inclusion map, and l 2 = k 2 A K (dimension vector 
2«i + a 2 = si(a 2 )) where a identifies K as a 2-dimensional vector space over k. 

The representation S\ has unique subrepresentations with dimension vectors a.\ 
and 0. So we get: 

X Sl = X ( " ai+Q2) + X ( ~ ai) = X 3 . 

The representation I 2 has unique subrepresentations with dimension vectors 2ai+a 2 , 
and a 2 , and it has 1 + q subrepresentations with dimension vector ot\ + a 2 . So we 
get: 

X h = X ( - 2ai+Q2) + X ( " aa) + X ( ~ 2ai " Q2) + (q 1/2 + g- 1/2 )X ( - 2Ql) = X 4 . 

The representation Ii has unique subrepresentations with dimension vectors a.\ + a 2 , 
and a 2 . So we get: 

X h = X ( ~ Ql) + X {ai ~ a2) + x { - ai ~ a2) = X 5 . 

The representation 5*2 has unique subrepresentations with dimension vectors and 
a 2 . So we get: 

x S2 = x {2ai ~ a2) + x { - a2) = x 6 . 

3.1.3. Type G 2 . We begin with the valued quiver Q = (B, D) where B = 
and D = diag(l, 3). Define K\ — F =: k and X2 = F3 =: K. The Cartan counterpart 
of Bis ( \ " 3 ). 



"0 
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Lemma 3.3 ([I]). The quantum cluster algebra A q (Q) is of finite type and we have 
the following formulas for the cluster variables in terms of the initial cluster X 2 ) : 

X 3 :^X [1} ^X^+X^ 

X 4 := X [1>2] = X^ + (g + 1 + g- 1 )^^ 3 ' 1 ) + (q + 1 + g- 1 )^" 3 ' ) 
+ X (o,-D + x (-3,-i) 

X 5 := X [1)2jl] = X^ 2 ' 1 ) + {q 1 ' 2 + q- x ' 2 )X^ + X^ + X^-D 
X e := X [h2X2] = X^ + (q + 1 + g- 1 )^- 3 ' ) + (q + 1 + q'^X^ 

+ ( g + 1 + g-l) X (^-l) + X^ 3 - 2 ) + {q 3 ' 2 + g -3/2 )X (0,-2) + X (-3,-2) 

X 7 := X [mi] = X^ + X^ + X^>-V 
Xs := ^[1,2,1,2,1,2] = + X^ 

Xg := -^[1,2,1,2,1,2,1] = X*- 1,0 ^ = X\ 

X\q : = X lj2ilj2ilj2ilj2 ] = X^ ' 1 ^ = X 2 . 

The indecomposable valued representations of Q are S\ = k — > (dimension vector 
«i), S2 = — >■ -K" (dimension vector a 2 = sis 2 sis 2 s\{a 2 )), I\ = k A- K (dimension 
vector a± + a 2 = sxs 2 sis 2 (aci)) where i is the inclusion map, I 2 = k 2 A K (dimension 
vector 2«i + a 2 = sis 2 (ai)) where a identifies a 2-dimensional fc-subspace of K, J 3 = 
k 3 A K (dimension vector 3ai+a2 = si(a 2 )) where r identifies X as a 3-dimensional 
vector space over k, and I4 = A; 3 — )■ X 2 (dimension vector 3«i + 2a 2 = •Sis 2 Si(a 2 )) 
where w = (ii,i 2 ,A t ) with ^ the inclusion map to the i th factor of K 2 and A t the 
diagonal inclusion map. 

The representation Si has unique subrepresentations with dimension vectors ot\ 
and 0. So we get: 

X Sl = X^ ai+a2) + = X 3 . 

The representation J 3 has unique subrepresentations with dimension vectors 3ai+a2, 
and a 2 , and it has 1 + q + q 2 subrepresentations with dimension vectors 2«i + a 2 
and «i + a 2 . So we get: 

X h = x { ~ 3ai+2a2) + X ( - Q2) + x { - 3a '~ a2) + (g + 1 + g -i)x(- 3Ql+a2 ) 
+ (g + 1 + g- 1 )^- 3 " 1 ) = X A . 

The representation I 2 has unique subrepresentations with dimension vectors 2ai+«2, 
and a 2 , and it has 1 + g subrepresentations with dimension vector ol\ + a 2 . So we 
get: 

X h = x(- 2a l+«2) + X (a ^ a2) + X { ~ 2ai ~ a2) + (g 1/2 + g-V2) X (-2a 1 ) = ^ 

The representation J 4 has unique subrepresentations with dimension vectors 3ai + 
2a2, and 2a 2 , it has 1 + g + g 2 subrepresentations with dimension vectors 2ai + 2a 2 , 
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q;i + 2ct2, and a± + a 2 (choosing a 1-dimensional fc-subspace of k 3 forces the 1- 
dimensional i^-subspace of K 2 ), and it has 1 + g 3 subrepresentations with dimension 
vector a>2. So we get: 

_ j£(-3a 1 +a 2 ) _|_ j^(3a 1 -2a 2 ) _|_ j^(~3ai-2« 2 ) 

+ {q + 1 + q-^X^ 3 ^ + (q + 1 + q - x )X^ 3a ^ a ^ 
+ (q + 1 + g^X^) + (g 3 / 2 + g -3/2) X (-2a 2 ) = X 6 . 

The representation fx has unique subrepresentations with dimension vectors ai + a 2 , 
and a 2 so we get: 

x h = X ( " Ql) + X {2ai ~ a2) + X { ~ ai ~ a2) = x 7 . 

The representation S 2 has unique subrepresentations with dimension vectors and 
a 2 so we get: 

x s , 2 = x {3ai ~ a2) + x { ~ a2) = x 8 . 



3.2. A Rank 4 Example. In this section we will work in the quantum cluster 
algebra A q (Q) where Q = (B, D) is the acyclic valued quiver with 

/ 2 \ 
-2 2 
0-202 
\ -2 / 

and D = diag(l, 1, 1, 1). One can easily compute the following cluster variables of 
Aq(Q) each living in a cyclic cluster: 

x m = x^- 1 ^ + X^ 1 '^ 

X [3;2 ,3] = X(°- 2 ' 3 ' 2 ) + (g 1 / 2 + g -V2) X (2,-2,l,2) + ^(4,-2,-1,2) + ^(4,0,-1,0) 
X [4;2 , 3 ,4] = X(°'" 4 ' 6 ' 3 ) + (q 3 / 2 + q 1 / 2 + q- 1 / 2 + g-3/2^2,-4,4,3) + {q 2 + g + 2 + q -l + g -2 )x (4,-4,2,3) 
+ ( g 3/2 + g l/2 + g -l/2 + g -3/2 )x (6,-4,0,3) + ^(8,-4,-2,3) + (? l/2 + ^-1/2)^(4,-2,2,1) 
+ (g + 2 + g-^X^" 2 ' ' 1 ) + (gV2 + ^-1/2)^(8,-2,-2,1) + X (8,0,0,-1) + ^(8,0,-2,-1) 

We verify Conj ecture 11.101 for these cluster variables. 
Lemma 3.4. Com ecture \1.1(A holds for Xp.p]. 

Proof. By Lemma 15.61 we have X^-2] — X$ 2 ■ □ 
Let Ii be the unique indecomposable representation of Q with dimension vector 

^(c^) = 2a 2 + "3- 

Lemma 3.5. Conj ecture \ 1.1 (A holds for Xt^gi. 
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Proof. The following table shows how each term of Xj ± arises, in particular we see 
that X[ 3;2 ,3] = X h : 



e 


<% 


\Gr e (h)\ 


*e-e* -*(2a 2 + a 3 ) 


2a 2 + a 3 







(0,-2,3,2) 


«2 + «3 


1 


©, 


(2,-2,1,2) 







1 


(4, -2,-1,2) 








1 


(4,0,-1,0) 



□ 

Let J 2 be the unique indecomposable representation of Q with dimension vector 
C2C3 ("4) = 4a 2 + 2a 3 + a 4 . 
Lemma 3.6. Conjecture \l.lCh holds for X[4 ;2)3j 4] . 

Proof. The following table shows how each term of Xj 2 arises, in particular we see 
that -X[4;2,3,4] = Xj 2 : 



e 


di 2 


|GV e (/ 2 )| 


*e-e* -*(4a 2 + 2a 3 + a 4 ) 


4« 2 + 2«3 + «4 







(0,-4,6,3) 


3«2 + 2«3 + «4 


3 


a 


(2,-4,4,3) 


2a 2 + 2«3 + a 4 


4 




(4, -4,2,3) 


a 2 + 2a 3 + a 4 


3 


a 


(6, -4,0,3) 


2a 3 + a 4 







(8,-4,-2,3) 


2a 2 + «3 + a 4 


1 


a 


(4, -2,2,1) 


"2 + "3 + "4 


2 


(l)g(l)g 2 


(6, -2,0,1) 


«3 + «4 


1 


(D, 


(8, -2,-2,1) 


«4 





1 


(8,0,-2,-1) 








1 


(8,0,0,-1) 



□ 

Remark 3.7. The above computations are easily generalized to any linearly ordered 
rank 4 valued quiver. 

3.3. Type A n . In what follows we will work with ordinary quivers. These can be 
considered as valued quivers by assigning valuation 1 to each vertex. 

In Fomin and Zelevinsky show that the cluster algebras of type A n can be 
recovered from triangulations of the (n + 3)-gon: the clusters are in one-to-one corre- 
spondence with the triangulations. In [18J, Schiffler gives a combinatorial description 
of the expansion of an arbitrary cluster variable in terms of paths in a triangulation. 
In this section we show that this combinatorial description carries over to quantum 
cluster variables. 

We begin by recalling some notions from [IB]. Let P be an (n + 3)-gon, with 
vertices labeled vq,vi, . . . ,v n+2 - A diagonal D a j, in P is a line segment connecting 
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two non- adjacent vertices a and b. Two diagonals cross if they intersect in the interior 
of P and a triangulation of P is a maximal set of non-crossing diagonals. Note 
that each triangulation contains exactly n diagonals, label them T\, T2, . . . , T n (these 
correspond to cluster variables), and n+3 boundary edges, label them T n+1 , . . . , T 2n+3 
(these correspond to coefficients). We construct a skew-symmetric n x n matrix 
from a triangulation T as follows: 

• For each i, ha = 0. 

• Suppose diagonals T 7^ Tj bound the same triangle in T. Then b^ = 1 (re- 
spectively bij = —1) if the sense of rotation from Tj to Tj is counterclockwise 
(respectively clockwise). 

• If Tj and Tj do not bound the same triangle in T, then bij = 0. 

Note that this process can be reversed: starting from a matrix B we can construct 
a triangulation of P. 

Let T be a triangulation of P and let D a b be a diagonal of P. 

Definition 3.8. A T-path p from a to b is a sequence 

P = (oo, ai, . . . ae( p ) : zi, «2, • • • , ^(p)) 

such that 

(Tl) a = a ,ai, . . . , = b are vertices of P 

(T2) i k G {1, 2, . . . , 2n + 3} such that T ife connects the vertices a ik _i and a ife for 

each k 
(T3) 7^ i k ii j 
(T4) £(p) is odd 
(T5) Tj fe crosses D a f, if k is even 

(T6) If j < k and both Tj. and Tj fe cross -D^, then the crossing point of Tj. with 
-D ai b is closer to the vertex a than the crossing point of T ik with D a b . 

Definition 3.9. Let Vt{ci, b) denote the set of all T-paths from a to b. 

Let Q be the valued quiver (£>, diag(l, . . . , 1)) and A q {Q) be the associated quan- 
tum cluster algebra. 

Let {ttj} be the standard set of generators in Z n . For a T-path p define 

A: odd k even 

We have the following quantum analogue of the main theorem of [18] . 

Theorem 3.10. Let a and b be two non-adjacent vertices of P, let D = D a ^ be the 
diagonal of P connecting a and b, and let be the corresponding cluster variable 
inAgiQ). Then 

x D = J2 xiP) - 

pGP T (a,b) 

Proof. This is an obvious adaptation of the proof of [HI Theorem 1.2]. □ 
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Remark 3.11. Let Q be the quiver associated to the matrix B. By Corollary 1.4 we 
know that there exists G rep Q so that Xd = Xy D . This correspondence between 
elements of Vt{ci, b) and subrepresentations of Vd can easily be made explicit in the 
case of a linearly ordered quiver or an alternating quiver of type A n . 



4. Proof of Proposition 11.11 
In this section we will again let F be the finite field with q elements. 
Let A = Aq{Q) where Q = (B, D) with B = ( _° 2 ^ J and D = diag{2,2). 

This is the Kronecker quiver o s- o , with two arrows, and K\ = K 2 =¥2- A is 

a subring of the skew-field 

Q(q 1 / 2 )(X 1 ,X 2 :X 1 X 2 = qX 2 X 1 ) 

generated by the elements X m for m G Z satisfying the recurrence relations 

(4.1) X m _xX m+1 = qX 2 m + 1 (meZ). 

We use the results of [2TJ and Theorem ll.2l to prove closed formulas for the Laurent 
polynomial expressions of the elements X m . 

The Kronecker quiver has two classes of non-regular indecomposable representa- 
tions: the preprojective representations P n with dimension vector (n, n + 1) and the 
postinjective representations /„ with dimension vector (n + 1, n) (note that the ar- 
rows of our Kronecker quiver are reversed from those in [21] and we are using degree 
2 field extensions of ¥ q ). The preprojectives and postinjectives are uniquely deter- 
mined (up to isomorphism) by their dimension vectors. Define for n, k G Z, k > 0, 

quantum binomial coefficients = - -^^jr^r^ — and take Q = 1 for 

any t G Z. We have the following theorem proved in [21] : 

Theorem 4.1. [2H Theorem 4.1, 4.3] For n > 0, 

(1) \Gr iafi) (P^\ = (^)A^% 

(2) \Gr ia>b) (In)\ = CZl) q ,( b+ a 1 ) q2 - 

Notice that for a > b there are no subrepresentations of P n with dimension vector 
(a, b) unless a = and 6 = 0. For e = (0, 0) we get |L7r e (P n )| = 1 and *e-e*-*[P n ] = 
{n + 2, — n — 1). So e = (0, 0) gives the floating term x( n+2, ~ ra-1 ) in equation ( II. 3p . 
All remaining dimension vectors of subrepresentations of P n are of the form (a, b) 
with a < b < n + 1. Set p = a and r = n + 1 — 6, so we get r+p = a + n + l — b < n. 
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Q 



(o-6)(n+l-6) 



n + 1 — a 
n + l- b 



Q 



(a-b+l)a 



b-1 

a 



j^(n+2-2b,2a-n-l) 



_ Tn+l-al ^(n+2-2fc,2a-n-l) 
Ln+1— bi ql a 1 q 

_ Tn+l-pl Yn~r~\ y(2r—n,2p— n— 1) 
L r J g L p J g 

Now applying Theorem 11.21 we get for n G Z> 



(4.2) 



= = E^ |deP "l Gr e( P «)l X(n+2_2e2 ' 2ei ^ _1) 



n — r 




n + 1 — p 


v(2r— n,2p— n— 1) 


P . 


q 


r 


9 



= ^(n+2,-n-l) + 

p+r<n 

Notice that for a > b there are no subrepresentations of I n with dimension vector 
(a,b) unless a = n + 1 and b = n. For e = (n + l,n) we get \Gr e (I n )\ = 1 and 
*e — e* — *[/„] = (— n— 1, n + 2). So e = (n+1, n) gives the floating term x ( ~ n ~ 1,n+2) 
in equation (jl.4p . All remaining dimension vectors of subrepresentations of /„ are of 
the form (a, b) with a < b < n. Set r = a andp = n— 6, so we get r+p = a+n — b < n. 
For e = (a, b) we get the summand 



g- | ^|Gr (a , fc) (/ n )|X( n - 1 - 2b - 2a - n ) 



9 



(o-6)(n-6) 



n — a 
n — 6 



9 



(a— 6— l)o 



6 + 1 

a 



j^-(n— 1— 26,2a— n) 



Tn-al rfc+11 j^(n-l-26,2a-n) 
Ln— &J g L a J q 

Tn-rl |"n+l— pi v[2p— n-l,2r-n) 
L p J „ L r J g 



1 9 1 

/' -I g I- '• -I '/ 

Again applying Theorem 11.21 we get for n e Z> 

1 jln 



(4.3) X n+3 = X In = Y,Q'- 2den \Gr e (In)\X {n -^ 2e ^- n) 

e 

_ ^(_„_i >n+ 2) + 



n — r 




n + 1 — p 


y(2p—n—l,2r—n) 


. V . 


q 


r 


q 



It is known for general q that the coefficients of X_ n and A n+3 in A q (2, 2) written 
in terms of the initial cluster {X\, X 2 } are given by polynomials in q. Now equations 
( 14. 2 p and ( 14. 3 p are valid for infinitely many values of q, thus Proposition 11.11 holds 
for any q. 
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5. Proof of Theorem 12.51 

Let F be the finite field with q elements. Suppose that vertex % is a source in the 
valued quiver Q = (B,D). Note that the valued quiver is obtained from Q by 
reversing all arrows at vertex i so that i is a sink in \XiQ and that the valuations of 
fj,iQ equal those of Q. Let Q denote the Grothendieck group of rep Q. Recall that 
we identify Q with the root system associated to the Cartan counterpart of B with 
simple roots {c^} where cii = [Si] G Q. We will abuse notation and also denote by Q 
the Grothendieck group of rep \iiQ with on = [S^]. We also denote by <7j the simple 
reflection associated to in the Weyl group of Q. 

Let rep Q(i) denote the full subcategory of rep Q of all representations of Q which 
do not contain Si as a direct summand. In [7J it is shown that the reflection functors 

: rep Q -H- rep faQ : E>f 

restrict to inverse equivalences of categories 

Sj" : rep Q(i) <H- rep ^iQ{i) : §+. 

Since it will be clear from context which to use we will drop the ± and simply denote 
both functors by §j. See [7J for precise definitions of these functors. We will use the 
following result proved in [7J. 

Lemma 5.1. [7_J Proposition 2.1] For X G rep Q(i) we have [S«X] = <7;([X]) and 
BfX X. 

We now prove a recursion for the Grassmannians of rep Q, denoted Gr®, in terms 
of the Grassmannians of rep Q(i), denoted Gr Q ^ . We will use the following conven- 
tion for Grassmannians of V G rep Q(i): 

Gr^{V) = {0 -»■ W C V -»■ V/W ->0:\W] = e\ W, V/W G rep Q(i}}. 

Theorem 5.2. Let M G rep HiQ(i) with [M] = m and e G Q with e < m. Then 
we have 

Gr^(M) = JJpf^W*^ x G4((m, - ^(e), - e*)^) x G^ (e)+cai (S,M) 

c>0 

n 

where a^ejj = (1 - 5y)ej + <%(]T) e f [6^] + - e*). 

£=1 

Proof. The main content of the proof is contained in the following lemmas. 
Lemma 5.3. For M G rep HiQ{i) with [M] = m and e G Q with e < m we have 
Gr» Q {M) = II GrSgdrm -e l + a)Sj) x Gr£2£(M) 

a>0 

Proo/. Consider the map C : Gr^ Q (M) -»■ T] GV^JJJ(M) given by iV © ^ iV. 

a>0 

This map is clearly surjective. Suppose / : N M is an element of Gr^^(M). 
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The fibers of C are given by C _ W = {(/,#) : N © a S[ ^ M} = {g : aS[ 
M/N} = Gr^drrii - a + a)S£). The result follows. □ 

Lemma 5.4. For M G rep iirai/i [M] = m and e G Q with e < m we have 
Gr®(M) = H Grl t ((e t + d)S i ) x Gr^M) 

d>0 

Proof. Let Q* denote the quiver obtained from Q by reversing all the arrows. Note 
that vertex i is a sink in Q*. We will use the same notation for the linear duality 
functor ?* = Hom(7,¥) : rep Q — > rep Q*. The following equalities are immediate: 

Gr^M) = Gr£*_ e (M*) = ]J + d )S*) x Gr^l dQi (M*) 

= U^((e, + rf)^)xL7r2t(M) 

where the second equality follows from Lemma 15.31 □ 

The following result is well-known. 
Lemma 5.5. Let ¥ be a field, V, W G Vectf, and I G Z>o- Then 
Gr e (V © W) = Yl ¥a(w ~ b) x Gr a (V) x Gr b (W). 

a+b=l 

Putting the preceding three lemmas together we get our recursion. Let a = c + d 
and consider the following: 

JJ F *c M e) i+C ) x Gr Q ai (( mi - ai {e) t - ei)S t ) x Gr^ {e)+c J^M) 

c>0 

= JJJJ F ^(e) i+ c) x Gr ^(K - ^(e)* - x GrgjMe), + (c + d)S<) 

c>0 d>0 

x<g )+ ( c+ ,) Ql (^M) 
= ]JJjF* c ^^ +c ) x Gr c ^(K - ^(e), - x Gr^ cK (( ( x,(e) J + 

a>0 c>0 

x<g) +aQl (^M) 
= II ^((m, - + a)Si) x Gr^ )+aQi (§,M) 

a>0 
a>0 

= GV^ Q (M). 
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To see the second to last equality note that each of Gr^ a ,((mi — + a) Si) and 
^ r aat \{ m i~ e i+ a )S'i) is just the classical Grassmannian of vector subspaces Gr a {¥^~ e%+a ). 
Also note that Gr ^ )+aa . (§jM) = Gr^ Q a ^(M) under the equivalence □ 



We now show that the recursion on the Grassmannians just obtained matches the 
recursion in the quantum cluster algebra obtained by mutating the initial cluster, this 
will prove Theorem 12 .41 To simplify notation we will use A${M) = g-5< e ' m ~ e >|Grf (M)|. 
We compute the normalized size of the sets in Theorem 15.21 to get: 



rrii 



e>0 



c 



A 



J q 



di/2 



ai{e)+cai 



iM). 



Suppose N G rep Q(i). First we expand X N via the formula (12. 3p to get an 
element of A q (Q). Then we mutate the initial cluster in direction i to get an element 
of the quantum cluster algebra A q (f/,iQ) which turns out to be X§. N . This result 
holds regardless of whether or not is a cluster variable. 

This will immediately imply that the same property holds when % is a sink in 
Q and M e rep Q(i). Indeed, assume the result holds when i is a source. If we 
begin with X§. M in A q (fiiQ) and mutate the initial cluster in direction i we will get 
X$.SiM — X M in the quantum cluster algebra A q (Q). But the mutation of clusters 
is involutive so starting with Xm and mutating the initial cluster in direction i gives 

We expand X N in terms of the initial seed ({X 1 , . . . , X[, . . . , X n }, Q): 

X N = J2<l~^ e ' n ~ e) \GrQ(N)\X { * e - e *-* n) =J2 A e( N ) xi * e ~ e *~* n) - 

e e 

We apply equation (12.11) with c = *e — e* — *n to get X^ in terms of the seed 
({Xi, . . . , Xi, . . . , X n }, fiiQ). 

r. , . ( 12 {0--5u)ci+{<H-r)[-bu]+-c i 8 i i)cit ) 

A^(N)X^ / 

n 

Now we substitute f = a i (e)+ra i = £](l-<^)e^+<^ {YZi=i e m[hm}+ - e» + r) a» 

n 

and Oi(n) = XX 1 - 5 it )n t a t + 5 rf (X)m=i n m[hm}+ ~ n») at, then simplify to get: 



£^(Ao* ( * e - e *-* n) = EE 



ON QUANTUM ANALOGUE OF THE CALDERO-CHAPOTON FORMULA 
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EE 



<Ti(n)i - (Ti(f)i - Bi 



r 



A 



q d i/ 2 



f r>0 

( E (E^ = i(/m[-^ TO ]++(^(n) m -/m)^ m ]+)-^(n) f )a^ 
1=1 J 



x X V*=i 



AT- 



This completes the proof of Theorem 12.41 We now are ready to prove Theorem 12. 51 

Lemma 5.6. Let Q be a valued quiver. Inside the quantum cluster algebra A.\m(Q), 
we have X9, k , = Xs k where S k is the simple representation associated to vertex k in 
Q. 

Proof. First note that Sk has only two subrepresentations and S k - So we have 

n n 

X Sk = X ( ~ fe) + X ( Qfc_a fc~ ak > = X «=! + X *=i 

But the last expression is just the exchange relation defining X[ k -,k]- D 

Suppose the seed (X, Q), can be transformed into the seed (X', Q'), by a sequence 
of mutations in directions ki, A; 2 , . . . , k r+ ± such that the corresponding sequence of 
vertices is admissible in Q, i.e. Q' = fik r+1 ^k r 4 • 4 HkiQ- 

We start with the cluster variable in *4 ? (Q'). This is the cluster variable 

X [k r r +£+i] in A^K+iQ')- % Lemma EH we can write X [kr+1 . kr+l] = X Skr+i for 
5 , fc r+ i € r ep Ukr+iQ'- Now assume inside the quantum cluster algebra A q (fik i+1 4 • • Hk r+1 Q' 
that we have 

^[fc r+ i;fc l+1 ,...,fc r+1 ] = -^S fe . +1 -S fer (S fcr+1 ) 

for some i G [l,r], where § fci+1 • • • S kr (S kr+1 ) G rep /i fci+1 • • ■ n kr+1 Q' ■ Notice that this 
representation is indecomposable and, since the sequence of vertices was admissible, 
it does not contain S ki as a direct summand. Thus mutating the initial cluster in 
direction ki gives 

X[k r+1 -ki,k i+1 ,...,k r+1 ] — Xs ki S k . +1 ---S kr (S kr+1 ) 

in the quantum cluster algebra A q (fikiHk i+ 1 4 4 4 Ukr+iQ')- So by induction and the fact 
that mutations are involutive we have inside the quantum cluster algebra A q (^ki 4 4 4 f^k r+1 
A q {Q) the equality 

-^[fc r +i;fci,fe 2 ,...,fcr+i] = -^S fcl -S fcr (S fcr+1 ) 
where S kl ■ ■ ■ §fc r (Siv +1 ) G rep jj, kl ■ ■ ■ ^k r+1 Q' = rep Q. This completes the proof. 
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